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Introduction
The elastic behaviour of composite geomaterials is of interest because of potential applications of such materials in environmental geomechanics. In particular, many ideas have been recently developed concerning the so called "green geotechnics", that focuses on the re-utilisation of waste materials like for example the coal combustion products in civil engineering and road making. The use of tire shreds in construction projects, such as highway embankments, is also becoming one of the commonly accepted ways of beneficially recycling scrap tires. Although the general idea of recycling the industrial wastes is not new, there is a new context for such activity due to recent regulatory initiatives at the European level (see for example REACH available on the web).
The literature concerning the effective elastic properties of heterogeneous materials is very rich. There exist many different methods, using classical to modern approaches based on micromechanical considerations. The very comprehensive review of the state of the art can be found for example in the books by Bornert et al. (2001) , Torquato (2005) , François et al. (2009) and Suquet (1997) . The most classical approach consisted in the prediction of limits (upper and lower) for the effective parameters such as effective bulk and shear modulus. The commonly known limits based on the volumetric fractions and the elastic parameters of the components were proposed by Voigt (1887) -Reuss (1929) and Hashin -Shtrikman (1962 , 1963 . Although they can be useful in some cases, the general practical applicability of the method of bounds is very limited.
It is evident that more precise prediction requires more information about the internal structure of the material, which is now accessible thanks to the recent development of X-ray microtomography and the image correlation techniques (computed tomography) (Hall et al., 2010) , (Lenoir et al., 2007) .
The microstructural information can be provided in a statistical sense or in a deterministic (explicit) manner. Some of the modern methods use the approach of estimations to construct a big number of solutions for some morphological classes of materials (see for example in François et al. (2009) . In this case the morphological information is given through the assumption about the form and the spatial distribution of inclusions. In Torquato (2005) a systematic theory of random heterogeneous materials is proposed. "The details of the microstructure" like the phase volume fractions, surface area of interfaces, orientations, sizes, shapes and spatial distribution the phase domains or connectivity of the phases are approached statistically by n-point correlation functions. A large number of solutions for particular cases were developed.
Another approach concerns the media with periodic microstructure. In this case the microstructure of the medium is given explicitly, which is very important when modelling the coupled transient phenomena taking place in heterogeneous porous materials. For example, the knowledge of connectivity of phases is essential in Revue. Volume X -n° x/année, pages 1 à X modelling of chemo-mechanical couplings. Qualitatively different macroscopic models (with different effective parameters) should be applied to model mass transfer, in case of fractured material when the network of fractures is connected or not.
The asymptotic expansion homogenization method (called also periodic homogenization), dealing with periodic structures, was firstly introduced by (Sanchez-Palencia, 1980) and (Bensoussan et al., 1978) . Since then, it has been widely used for modelling of different periodic composite materials (see for example the numerical computations in Bornert at al. (2001) or homogenization of a special case recently presented in Chatzigeorgiou et al., 2011, among others) . The homogenization makes it possible to link the microstructure and the elastic parameters of the components with the macroscopic behaviour of the composite system when the size of the heterogeneity with respect to the macroscopic length is small. Thus, it is possible to construct materials of desired properties for specific engineering applications.
The aim of the paper is to present the application of the upscaling method by using the asymptotic expansions (Sanchez-Palencia, 1980) and (Bensoussan et al., 1978) for the prediction of the macroscopic elasticity parameters of the three dimensional anisotropic composite. It is shown how the asymptotic expansion homogenization method can be used in a particular case of periodic porous composite made of sand and solidified clay spheres (double porosity medium). In addition, the results obtained by numerical calculations of the macroscopic rigidity tensor were verified experimentally by performing a series of triaxial tests in consolidated drained conditions (CD triaxial compression tests).
The paper is structured as follows. In Section 2 we describe the composite material and the experimental investigations of this material in the triaxial apparatus. The homogenization analysis of the elasticity problem for the double porosity composite is discussed in section 3. Section 4 presents the numerical calculations of the rigidity tensor, and the interpretation and comparison with the experimental data. In the last section 5 the final conclusions are formulated.
Double porosity composite material and triaxial testing
The double porosity composite material investigated in this paper was build from two components: Hostun fine sand and small spheres made of solidified clay embedded periodically in the sand. This material was conceived for modelling purposes, in particular for experimental verification of theoretical and numerical modelling of macroscopic multiphysical behaviour by using the multi-scale homogenization approach (Lewandowska et al. 2005 , (Szymkiewicz et al., 2008) , (Tran Ngoc at al., 2011) .
Several mechanical tests were performed in the triaxial apparatus in order to determine the elastic parameters of the composite geomaterial (Grinke, 2007) . The same tests were also carried out in pure sand to obtain the characteristics of matrix component of the composite, that is a necessary input data for numerical computations. Moreover, the inter-comparison of the triaxial curves enabled us to experimentally observe the influence of the second component (solidified clay) on the behaviour of the whole system.
Double porosity composite material
The two components i.e. the homogenous Hostun sand HN38 and the solidified clayey spheres were used to build a composite in a triaxial cylinder of the diameter of 10 cm and the height of 10 cm. The cylinder was filled up alternatively with sand and spheres (layer by layer) by controlling the mass and the mechanical energy of compaction. We proceeded in the following way: i) a layer of a given quantity of spheres was carefully put into the cylinder, so that the spheres touched each other in the horizontal plane, ii) a layer of a given mass of sand was put on the top of the spheres in order to cover the spheres, iii) then both layers were compacted by using a small hammer. This procedure was continued until the cylinder was filled. The volumetric fractions of each component material were 50 % and 50 %, respectively. The established and rigorously respected experimental protocol (Grinke, 2007) enabled us to obtain the composite material of periodic structure of the cubic-centered type (but not exactly the cubic-centered), Figure 1 . More details about the microstructure can be found in section 3.2.
The laser granulometry of the sand HN38 showed a uniform grain size distribution with the mean grain size of 162 µm. The mean diameter of the clay spheres was 6.4 mm. The mercury porosity test gave the porosity of spheres φ = 0.376 and the mean pore size around 0.7 µm. The skeleton specific density of the spheres material was ρs = 3.01 g/cm3 and the dry bulk density ρd = 1.88 g/cm3. The porosity of the homogeneous sand samples and the porosity of sand used in the composite material samples were controlled and kept constant in both cases, n = 0.40. Prior to mechanical testing both materials were subjected to different kind of tests for other modelling purposes, so their physical properties are well known (Lewandowska et al. 2005 , (Szymkiewicz et al., 2008) , (Tran Ngoc at al., 2011) .
The triaxial tests were perfomed at the Laboratory 3S-R in Grenoble, France. The apparatus was manufactured by Wykeham Farrance. It was equipped with a load cell of the capacity 100kN. The variations of volume of the sample were measured by a manometric volume gauge. We followed the procedure of CD triaxial testing of granular materials established at the Laboratory 3S-R (Desrues and Orestis, 2006) . The precision of measurements were: 26 N for force and 0.08% for volume change. The details concerning the tests presented in this paper can be found in (Grinke, 2007) and (Pilawski, 2011) . (Grinke, 2007) 
Experimental program
In order to determine the elastic parameters a series of classical triaxial tests in the composite and in the pure sand, was performed. All samples were initially saturated by water using the back pressure technique (100 kPa). The values of Bishop coefficient were relatively high and varied between B = 82% and B= 90%. The speed of the axial loading displacement device in strain controlled conditions was 0.12 mm/min. Two kinds of triaxial tests were performed:
-the CD shearing test under constant confining pressure of 100 kPa -the isotropic compression test in drained conditions; the range of pressure was 50 kPa -400 kPa. The pressure was increased by steps of 50 kPa During all tests the volume changes were registered by measuring the volume of water drained out of the sample. The shearing tests continued until 10% of axial deformation was reached. During each shearing experiment three unloadings were done, after 7, 14 and 21 minutes from the beginning of the test respectively. Thus, we restricted the deformation zone to max 2%. Both materials were tested in the same conditions. Note that this composite material of periodic microstructure was studied under conditions of scale separation. The scale separation means the ratio of the dimension of the period over the dimension of the macroscopic domain (here the size of the sample).
Results

Comparison of the triaxial curves
In Fig. 2 
as a function of axial strain, are plotted. By comparing the curves for the two materials we can observe the qualitative difference in the mechanical behaviour of both materials, from rather ductile (for sand) to rather fragile (for composite) type of behaviour.
In Fig. 4 an example of unloading during triaxial test in the double porosity medium (composite) in the strain range: 0.0183 -0.0194, is shown. The interpretation of these results is presented in section 2.3.2. In Fig. 5 we can see the relative volume changes with time corresponding to each isotropic stress increment for both materials. It can be seen that the volume changes in case of composite are considerably less than in case of sand. Moreover, some irregularities in the curve for composite are observed (see section 4.3 for discussion of this effect). The obtained results were interpreted in the framework of the theory of elasticity. From three unloadings parts of the triaxial shearing curves in sand and in the composite we calculated the Young modulus in the axial (vertical) direction, and the Poisson ratio in both lateral directions (corresponding to the axial loading). On another hand, a bulk modulus K was calculated from the isotropic compression tests results for each material. Two tests in sand (Test 1 and Test 2) were used. The results of all calculations are presented in Tab. 1.
It can be noticed that the elastic parameters of both materials depend on the range of the strains and stresses. For sand a clear increase of the Young modulus is seen. For the composite the increase is less evident. Moreover, the presence of solidified clay inclusions leads to substantial increase of elastic parameters of the composite with respect to the pure sand: 2.36 times for the Young modulus, 1.16 times for the Poisson ratio and the 1.78 times for the bulk modulus. Finally, the Poisson ratio of the composite seems to be rather unrealistically high (close to 0.5), especially if we compare it with the value obtained for pure sand (the matrix in the composite). It will be further discussed in section 4.3.
Table 1. Triaxial tests results
Homogenization analysis of the double porosity composite material
Multiscale approach
In order to obtain the effective elastic properties of the double porosity composite the asymptotic expansion homogenization method was used. The method is well established in the literature (Sanchez-Palencia, 1980; Bensoussan et al. 1978) . In its classical form the method concerns two scales, the microscopic and the macroscopic sale. The double porosity composite material analyzed in this paper is considered as a three scale material, with micro, meso and macroscopic scales. Therefore, to carry out the homogenization we have to start from the smallest scale (the pore scale) by freezing all larger scales. Once the homogenization is done at this scale, the material properties and the corresponding physical description can be shifted to the next scale, and the process starts again. The required condition for such a multiscale approach to be possible is the scale separation at each scale level (Auriault, 1991) .
In the paper it is considered that the first homogenization process has been already done (Sanchez-Palencia, 1980) , (Bensoussan et al. 1978) , and we focus on the second step of homogenization. For simplicity of the presentation in the following development the notations "micro" and "macro" will be used for the second step of homogenization
Microstructure and microscopic properties
The choice of the three dimensional microstructure analysed in this paper was motivated by the interest of dealing with a composite material presenting macroscopic anisotropy. Moreover, the inclusions are interacting in the horizontal directions and the material of inclusions is compressible. For the composite material of such microstructure the experimental data presented in section 2 are available. Thus, the comparison between computations and measurements will be possible.
Three layers of spheres embedded in a matrix material, can be seen in Figure 6 . The spheres touch each other in each horizontal layer and form cubic-like arrangements in the horizontal and vertical planes. Taking into account the whole three dimensional structure, the arrangement can be called of "centered-cubic" like.
The external dimensions of the period are: 6.4 mm × 6.4 mm × 13.404 mm.
Figure 6 Geometry of the periodic cell
The first process of homogenization (not presented here) concerns the constituents of the composite i.e. sand and sintered clay, taken individually. We assume that the after the first step of homogenization both components of the composite are homogeneous isotropic elastic materials, characterized by two elastic constants: Young's modulus E and Poisson ratio ν (or the Lamé coefficients: λ and µ). We denote: E 1 , ν 1 − the elastic constants of matrix material (sand) and E 2 , ν 2 −the elastic constants of inclusions (sintered clay).
Formulation of the homogenization problem
In the process of homogenization three coordinates systems are introduced:
where l is the characteristic microscopic length (here: dimension of the period) and L is the characteristic macroscopic length (here: dimension of the triaxial sample). The ratio ε = L l / defines the scale separation parameter. We assume that the scale separation conditions are satisfied:
1 << ε (Auriault, 1991) .
The equilibrium equation at the microscopic scale when inertia and body forces can be neglected, is written:
together with the Hooke's law:
where the rigidity tensor ijkl C (y) is spatially dependent. The tensor
At the interface Γ ( Figure 6 ) the continuity conditions of displacements and surface loads, are verified:
These conditions indicate that there is no jump of displacements and surface loads at the boundary Γ . In the asymptotic expansion homogenization method the homogenization problem has to be formulated using non-dimensions quantities. Note that we assumed that the properties of both constituents in all directions are of the same order of magnitude with respect to the scale separation parameter ε . Therefore, we can rewrite the problem [4] -[5] in the non-dimensional form
In [6]-[7] we use the same notations for the non-dimensional displacements, stresses and rigidity tensor as for the dimensional quantities in [4]-[5].
In the next step, the unknown displacement is represented in a series expansion form:
where all successive order terms are periodic functions.
Therefore, we have also:
As usual in the two scale homogenization the derivative operator is defined as
Homogenization
By applying the classical asymptotic expansion homogenization method to the problem [6]-[7], we can obtain the following results for the displacement function at successive orders (Sanchez-Palencia, 1980), (Bensoussan et al., 1978) : At the next order homogenization of the problem [6]-[7] the macroscopic description is found as in (Sanchez-Palencia, 1980 ), (Bensoussan et al., 1978 :
where the macroscopic stress tensor is defined as a volumetric average:
The macroscopic constitutive equation is obtained in the form:
where the macroscopic (effective) rigidity tensor is defined as:
The tensors x ε ε ε ε in [14] and y ε ε ε ε in [15] are the macroscopic and the microscopic strain tensor, respectively.
As it can be seen from [12]-[15] the homogenization process provides us with the macroscopic description of the behaviour of the composite in form of the macroscopic Hooke's law in which the macroscopic rigidity tensor is a function of the elastic parameters of the components i.e. the microscopic rigidity tensors and the microstructure of the medium.
Numerical computations of the rigidity tensor of the double porosity composite material
Local boundary value problem
The rigidity tensor of the double porosity material can be computed from the solution of the local boundary value problem obtained from homogenization (Sanchez-Palencia, 1980 ), (Bensoussan et al., 1978 :
where the first-order displacement field ) 1 ( u is defined by equation [11] . 
Numerical results
In this section the full macroscopic rigidity tensor for the microstructure of the composite geomaterial presented in Figure 1 , is computed. The problem [16]- [17] issue from homogenization was solved taking into account the elasticity parameters of sand determined in the triaxial tests, Table 1 . Since these parameters are strainstress dependent, the macroscopic rigidity tensor was calculated three times (for each unloading). On the contrary, the elastic parameters of sintered clay material were taken from the literature for bricks: E = 14 GPa and ν = 0.2 ( constant values). In order to obtain the full tensor (6 × 6 components) the problem [16]-[17] has to be solved (for each couple of the local elastic parameters) six times.
Since the microstructure possesses three symmetry planes (Figure 6 ), the material can be considered as orthotropic with 9 independent coefficients. The general form of the macroscopic tensor is (Berthelot, 1992) : D are very close to each other. This can be an indication of the state close to transversal isotropy with respect to the axis 3 (z). However, there is no full transversal isotropy.
As an example, in Figures 7 and 8 the displacement vector ξ ξ ξ ξ corresponding to the case of unit macroscopic traction strain in the direction z (or 3) with the periodicity conditions, is presented. We can observe the three dimensional solution of the local boundary value problem (18)-(19). In Fig.7 the z-component, while in 
Interpretation and comparison with the experimental results
The results of the numerical calculations of the rigidity tensor presented in section 4.2 can be compared with the results of experiments summarized in section 2.3.2. The comparison concerns only two elasticity parameters determined from triaxial tests: the Young modulus in the direction 3 (E 3 ) and the Poisson ratio ν , Table 1 . According to the theory of elasticity for orthotropic media the component * 33 D by considering that the Poisson ratio of the double porosity composite is known. Then, the value of E 3 calculated from homogenization can be directly compared with the experimental value given in Table 1 .
The interpretation was carried out in two steps: i) In the first interpretation the measured value of the Poisson ratio of the composite was used in relation [22] The results are given in ). It is believed that the origin of this discrepancy is the Poisson ratio determined from the triaxial apparatus. It has to be pointed out the calculations proved to be very sensitive to the value of the Poisson ratio. This value is based on the measurement of the volume of water drained out of the medium. As we know, in the case of double porosity media there exists a memory effect in the water drainage, due to the low permeability of the second porosity ((Lewandowska et al. 2005) , (Szymkiewicz et al., 2008 ), (Tran Ngoc at al., 2011 . Therefore, the standard triaxial measurement conditions seem to be not appropriate in this case.
ii)
In the second interpretation the value of the Poisson ratio of the composite used in the relation [22] was evaluated based on homogenization results and experimental data.
We calculated the average value of the coefficient related to the Poisson ratio namely ) Table 2 . . It can be seen that the differences between the calculated and measured values are of the order of 10% in all cases Therefore, it can be concluded that good agreement was found.
Conclusions
In this paper we presented the homogenization approach, based on the asymptotic expansion homogenization method, in order to compute the effective elasticity properties of a composite geomaterial (double porosity). The homogenization process was focused on the passage from the scale of the porous components to the scale of the composite.
A part of numerical simulations of the macroscopic rigidity tensor was validated through the experimental tests in the triaxial apparatus using a model periodic composite of anisotropic microstructure. The comparison showed good agreement between the computed and measured values of the Young modulus of the composite. To our knowledge very few validations of homogenization with experiments have been performed so far, especially for granular materials.
Some limitations of classical triaxial testing of highly heterogeneous porous media are discussed. In particular, the technique of measurement of volume changes based on the volume of water drained out of from the medium seems not appropriate in this case. Therefore, more experimental studies, using more advanced techniques, are postulated.
Finally, it can be concluded that asymptotic expansion homogenization is an excellent method of modelling physical phenomena in media with periodic microstructure and a useful technique to study the mechanical behaviour of composite geomaterials.
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Annex 1
The first column of the tensor * D is obtained by solving the problem [16]- [17] with periodic conditions for ξ ξ ξ ξ and with unit macroscopic strain in the direction 1. 6 -0.5 -192.3 193.2 192.3 1539.6 220.5 193.2 220.5 498.8 
